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Abstract. As automorphic L- functions or Artin L- functions, several classes of L- 
functions have Euler products and functional equations. In this paper we study 
the zeros of L- functions which have the Euler products and functional equations. 
We show that there exists some relation between the zeros of the Riemann zeta- 
function and the zeros of such L-functions. As a special case of our results, we 
find the relations between the zeros of the Riemann zeta-function and the zeros of 
automorphic L-functions attached to elliptic modular forms or the zeros of Rankin- 
Selberg L-functions attached to two elliptic modular forms. 



1. Introduction 

Since the epoch making paper of G.B. Riemann [10], the study of the zeros of the 
Riemann zeta-function and the other zeta-f unctions are one of the major fields of num- 
ber theory. He introduced the analytic method to the theory of prime distribution, and 
clarified the relation between the primes and the zeros of the Riemann zeta-function. 

After Riemann's paper, the accumulation of studies about the zeros of zeta-f unctions 
are enormous ones and many papers about them have been published every years. 
However almost of them have dealt with the zeros of single zeta-function, even if there 
exist some studies which deal with the zeros of a family of zeta-functions. An example 
is the studies related with the GU13-conjecture [6]. It has given a new point of view to 
the study of the zeros of zeta-functions. This example tells us that studying the relation 
between the zeros of several different zeta-functions would give a new insight to the 
theory of the zeros of zeta-functions. Hence, in the present paper, we mainly concern 
to the relation between the zeros of different zeta-functions rather than individual 
properties of the zeros of single zeta-function. It is a continuation of the studies in [14] . 

In [14] the author showed that there exists some relation between the zeros of a L- 
function L(s) belonging to the Selberg class and the zeros of an associated L-function 
L^{s) twisted by a primitive Dirichlet character x which is a generalization of Linnik's 
result in [9]. Linnik's result is the asymptotic relation 
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as X — > +0, where (^{s) is the Riemann zeta function and L{s, x) is the Dirichlet 
L-function attached to a primitive Dirichlet character x mod q. The relation (1.1) 
suggests that there exists a relation between the zeros of ({s) and L{s,x)- In fact 
Sprindzuk showed that, under the original Riemann hypothesis (RH), some properties 
of the zeros of ({s) are equivalent to the RH for Dirichlet L-f unctions by using (1.1) 
in [13]. The author generalized the Sprindzuk type result to the case of the above pair 
L[s) and L^{s) in [14]. Further studies on Sprinduzuk's work in [13], see Fujii [4, 5]. 
The aim of this paper is to generalize the relation (1.1) to the class of L- functions as 
wide as possible. The author believes that such results will give a new view point to 
the theory of L-functions. 

Our starting point is the observation about the zeros of principal automorphic L- 
functions. We refer to [11] for notations and properties of them. Let vr = ®p7rp be 
an irreducible cuspidal automorphic representation of GLjv(Aq) with unitary central 
character. The associated L-function L(s,7r) is given by a product of local factors 
L{s,7rp). Except for a finite set of primes, TTp is unramified. The local factors L{s,7rp) 
for unramified primes are given by 

TV 

where aT^{p,j) are the eigen values of the semi-simple conjugacy class {/l^(p)} e 
GLjv(C) associated to TTp. The generalized Ramanujan conjecture for cuspidal au- 
tomorphic representation tt asserts that |q;^(p, i)| = 1 for unramified p. 

Observation 1. Under the general Ramanujan conjecture, the set of all zeros of 
L{s, vTp)"^ for the unramified prime p is a union of n-piece translations of the zeros of 
C-\s) = l-p-^. 

The logarithmic derivative of L(s, tt) is written as 

-t(^'^) = E^^ (1-3) 

^ n=l ^ 

where A^(n) = A(n)a7r(n), A(n) = logp lin = p^ and zero otherwise, and 

By an "explicit formula" we usually mean an equation that represents the informa- 
tion of the Euler product and the functional equation in terms of an explicit relation 
between the zeros of L{s,7i) and A7r(p™). Let h G C^(]R+) be a smooth compactly 
supported function, and let h{s) = /q°° h{u)u^^^du be the Mellin transform of h. Then 

5^h{0)- Yl Mp) + <^^M1) = E^-(^'^^) + ^-(^'°°)' (1-5) 

L*(p,7r)=0 P 
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where 5^^ — 1 ii tt corresponds to C('5), and zero otherwise, 



w^{h,p) = {KipnHpn + K{p^)p-'^Kp-"^)). (1.6) 

m=l 

On the other hand, Poisson's summation formula yields 

w^{h,p)= Yl (Mp) + Mi-p))- (1-7) 

L(p,7rp)-i=0 

Observation 2. Combining (1.5) with (1.7), we obtain a relation between the zeros 
of L(s,7r) and the zeros of L{s,'Kp)~^. (We deal with similar things more precisely in 
§8.3.) 

From Observation 1 and Observation 2, we can see a possibility of the general- 
ization of (1.1) to principal automorphic L-functions. Further we notice a possibility of 
generalizing (1.1) to L-functions which have Euler products and functional equations, 
because, as explained above, the explicit formula is mainly based on the existence of 
the Euler product and the functional equation. However it is not so clear that how 
we generalize (1.1). To obtain a hint of the formulation, we recall the outline of the 
arguments in [14]. 

A special case of Theorem 1 in [14] is stated as 

= / h{xu)(i)^{u)u^— + 0{1) (1.8) 

0<Rc(p)<l 0<Ro{p)<l 

for sufficiently small x > and h e C^(M+) with j'^ h{u)du = 0, where the function 
4>^ is given by 

'\X) a=l 

and t{x) = 121=1 x(a)e^'^*''/'^ is the ordinary Gauss sum. This is a smooth version of 
the original result (1.1). From the well-known equation 

xW-^ExHe^'^^""/^ (1.10) 

^\X) a=l 

we find that (pxi''^) = x('^) for n E Z. That is, (p^ is an interpolation function of the 
Dirichlet coefficients x(n) of L{s, %). The existence of such interpolation function plays 
a key roll in [14]. Now we explain it roughly. To obtain (1.8), we consider the sum 
S{x) = ErT=i A(n)x(n)/i(xn) for h G C^(M+) with h{u)du = and calculate the 
sum S{x) in two ways. By applying Weil's explicit formula for L{s, x) and u i-^ h{xu), 
we find that S{x) is asymptotically equal to the left hand side of (1.8). Because 
^x(^) ~ xl'^)) can replace x(n) by 4>x{^)- Denote by S{x) the replaced sum. Then, 
by applying Weil's explicit formula again for C(s) and u h- > h{xu)(j)x{u), we find that 
S{x) is asymptotically equal to the right hand side of (1.8). Since S{x) = S{x), we 
obtain (1.8). These arguments suggest that the existence of suitable interpolation 
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function of the Dirichlet coefficients is very useful for our purpose. Standing on the 
above consideration, wc adopt Euler products, functional equations and interpolation 
functions of Dirichlet coefficients as the axis of our formulation. 

Here we comment on Euler products. In [7], Kurokawa showed that the properties of 
Euler products are deeply related to the possibility of analytic continuation. His results 
assert that for a wide class of Euler products the unitary property of Euler products 
is equivalent to the possibility of analytic continuation to the whole plane. The Euler 
product also plays a very important role to establish our results. Hence our results give 
a new reason for the importance of Euler products in the theory of zeta-functions. In 
our results, the Euler product works as a device which connects the zeros of different 
L-functions with each other. 

This paper is organized as follows. In §2 we prepare several notations and our 
settings. In §3 we state our theorems. In §4 we give several examples of our results. 
In §5 we explain about Weil's explicit formula. It is a main tool for the proof of our 
results. In §6 we prove Theorem 1 and Theorem 2. In §7 we prove Theorem 3 and 
Theorem 4. In §8 we deal with some related topics. 

2. Preliminary. 

In this section we explain our setting and prepare the notations. Let C°° be the space 
of all smooth function on R+, and let be the space of all smooth compactly sup- 
ported function on 1R+. Let Cd be the space of all smooth slowly increasing functions 
on ]R_|_, that is, 

Cd := {0 e C°° I \(t){u)\ < Cu'' for some A; > and C > }. (2.1) 
For e Cd we define the Dirichlet series L^{s) as 

oo 
n=l 

for sufficiently large Re(s). In the rest of this section, we introduce the subclass of 
Cd that any elements in Cl can be regarded as an interpolation function of Dirichlet 
coefficients of some zeta-function. To define Cl we recall the concept of the Selberg 
class. The Selberg class S is the class of all function L{s) on C which satisfies the 
following five axioms; 

(51) L(s) is expressed as an absolutely convergent Dirichlet series L{s) — J2'^=-i (i{n)n' 
in the half plane Re(s) > 1. 

(52) There exists a non-negative integer m such that (s— l)™'L(s) is an entire function 
with finite order. (We denote by mL the smallest non-negative integer m which 
satisfies this condition.) 

(53) There exist some Q > 0, r > 1, Aj > 0, Re{iij) > (1 < j < r) and = 1, 
such that the complete L-function 

L*{s) := Q'f[r{Xjs + pLj)L{s) 



satisfies the functional equation L*(s) — (jjL*{1 — s). ( The factor 7(5) := 
Y[j=i ^{^jS + fJ^j) is called the T-factor of L{s).) 

(54) For any positive e, the coefficients a{n) of L{s) is estimated as a{n) <^ rf. 

(55) The logarithm of L(s) is also expressed as 

00 

\ogL{s)^Y.Kn)n-\ 

n=l 

where b{n)^s are zero unless n = p™ (m > 1). Further, the estimate 6(n) <C 
holds for some < ^. 

Prom (S5) the logarithmic derivative of L{s) also has the Dirichlet series expression 

T I 00 

- T^^) = Y. Mn)n-^ (2.3) 

^ n=l 

where Al^h) = h{n) \ogn is an analogue of the von Mangoldt function A(n) defined by 

^ flogP if n = with m > 1, 4) 
1 otherwise. 

Futhcr, by the result of Conrey and Ghosh [2], the Dirichlet coefficients a(n) of L(s) G S 
are multiplicative. Moreover, the Euler product 

00 

L{s) = n^p(^)' where L,{s) = ^ a(p-)p— ^ (2.5) 

p m=0 

is absolutely convergent for Re(s) > 1 and ^p(s) is absolutely convergent for Re(s) > 
for every p. The factors Lp{s) are called Euler factors of iv(s). We remark that 
b{p) — a{p) and logLp(s) = Z^^=i b{p'^)p~'^^ for every prime p. Hence 

Lp{s) ^ for Re(s) > 9 and every p, (2.6) 

since h{n) <^ nP. In additon, the F- factor has no zero and no pole in the half- plane 
Re(s) > 0. Therefore L*[s) has no zero outside of the vertical strip < Re(s) < 1. 
We say that L{s) e S has a rank N Euler product, if Lp{s) is expressed as 

Lp{s) = Pp{p-T\ (2.7) 

where 

Pp(X) = 1 - Ci(p)X - C2{p)X^ CAr(p)X^ (2.8) 

and cjv(p) 7^ except for finitely many p. When L{s) has a rank N Euler product, we 
denote by Sl the set of all primes for which Cn{p) = 0. 
Now we define the subclass Cl{N) and Cl of Cd by 

\Hu)\ < Cu"^ for some C>0, ^ 

Ci(iV) := < (f)eCD L^{s) belongs to 5, i , (2.9) 

L<^(s) has a rank Euler product. J 

CL:=Uiv>iCL(7V). (2.10) 



Prom the definition, cf) e Cl satisfies the Ramanujan-Dehgne estimate \4>{n)\ for 
any positive integer n, even if (j){u) has rather high order as a function on ]R+. 

Remark. The condition < C-u^ is technical one to obtain a simple statement. 

In the case we omit this condition, wc can obtain similar results although they are of 
a more complicated form. See the proof of Lemma 6 in Section 6. 

3. Main Results 

3.1. Relations with C{s). 

Theorem 1. Let e (7^(1). Then we have 



roo roo 

rrifp- / h{xu)du— / h{xu)u^ 



du 
u 



(3.1) 

= / hixu)(t)iu)du - y / hixu)(t)iu)uP— + Oil) 

Jo C*(p)=0^O ^ 

as x ^ +0 for any fixed £ > 0, where = mi^ is the integer defined in (S2). The 
sum on the left hand side runs over all zeros of L*^{s) counting with multiplicity. And 
the sum on the right hand side runs over all zeros of C,*{s) counting with multiplicity. 

Remcirk. Theorem 1 is a generalization of (1.1). Compare with [14, Theorem 1]. 



Theorem 2. Let e Cl{N) with N >2. Then we have 

roo ^ roo J^y^ 

m^- / h{xu)du — / h{xu)u'' — 

h l;(p)=o-^o ^ 

= / hixu)(t)iu)du - V / hixu)(t)iu)uP— + JJx]h) + Oix-^-') (3-2) 

^0 e(p)=o^° " 

as X ^ +0 for any fixed e > 0, where m^p = rriL^ is the integer defined in (S2). The 
sum on the left hand side runs over all zeros of L*^{s) counting with multiplicity, and 
the sum on the right hand side runs over all zeros of (*{s) counting with multiplicity. 
The function J(j){x; h) is estimated as 

J^{x] h) <^e,<t>,h x~^~^ (3.3) 
as x — > +0 for any fixed £ > 0. Furthermore, if the estimate 

c^Ap) logp = A^T^ + 0(T^+^). (3.4) 

p<T 

holds for the numbers c,j,Ap) defined in (2.8) with some constant A^j, and Re(//) > y 
then 

roo rjrti 

J^{x- h) = tiA^ / h{xu'')u>'— + 0{x"-'). (3.5) 

J 1/' 
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Remark. When ^ 0, J^{x\ h) ~ C^^hX~^. Hence Re(//) must be smaller than 1 by 
(3.3) in this case. When = 0, J(f,{x; h) — 0{x'~^~^). Hence u must be smaller than 
1 by (3.3) in this case. 

Corollciry 1. Let (f), ip & Cl{N). Suppose that (t){n) — ip{n) for any positive integer n. 
In the case N >2, we additionally suppose that {and ip) satisfies the condition (3.4) 
for the constants A, /i, v. Then we have 



I h{xu)4>{u)du — / h{xu)4>{u)u^ — 

Jo CW"^^ ^ 

poo poo ^ ^ 

= / h{xu)i}{u)du - V / h{xu)^{u)uP h 0(a;"^"^) + ©(^"s"'') (3.6) 

•^0 ,*7~^-J^ u 



as X — > for any fixed e > 0. Sums on the both sides run over all zeros of (*{s) 
counting with multiplicity. 

3.2. Rankin- Selberg type relations . Let e Cl{M), i/j e Cl{N) with the Euler 
products 

p p 1=1 

LAs) = i[p^Ap-r' = u n {^-c^Ap.j)p-r'- 
p p j=i 

Wc use the notaion S = 5*00^ = S^pU S^p and denote by c^^i{p) the l-th coefficient of 
polynomial P0,p(X) (cf. (2.8)). Define the function L^i^^{s) by 

M N 

L^®^{s) = n n 11(1 ~ a<j>{p,i)a^{p,3)p'')~^ (3.7) 
for sufficiently large Re(s). Note that 

= n 11(1 - a^{p,3mp)p-T' = n p<^,v{i^{p)p-T\ (s.s) 

if V G Cl{1). Wc say that the pair {4>,ip) G Cl{M) x Cl{N) is the Rankin- Selberg 
pair, if there exist some polynomials Qp{X) with degQp < MN for any p & S such 
that the function 

L4,^As) := L^^^{s) X n Qp{p~')~^ (3.9) 

pes 

belongs to the Selberg class S. 



Theorem 3. Let {(l),il>) G Cl{N) x Cl{1) be a Rankin- Selherg pair. Then we have 

u 



T^s^th- I hixu)du — h(xu)u^- 



■ m^- h(xuU(u)du- V / h(xuU(u)u''— + 0(x—s-') (3.10) 

^0 r*T^ r^JO U 



as x — > for any fixed e. Additionally, we suppose that \4){u)%l){u)\ < Cu^ for some 
C > 0. Then 



roc /■oo (j^n 

/ h{xu)du — y2 h{xu)u^ — 

Jo r* („\ n-'O 



/■oo ^ /■oo (J^y^ J 

— vrid,- I h(xu)%jj(u)du — / h{xu)ip{u)u^ h Ofx^s"^) 

^° ^;(p)-o^° ^ (3.11) 

/■oo /■oo (^j^^ 

= / h{xu)(j){u)'il){u)du — ^ / h{xu)(f){u)ip{u)u'^ h J</,,,/,(a;; /i) + 0(x~3~^) 

as X — > for any fixed e. The function J^,^(x; h) is estimated as 

(3.12) 

as X ^ +0 for any fixed £ > 0. Furthermore, if the estimate 

Y: cMi^ipf logP = A^,^T>^ + 0{T^+^). (3.13) 

holds with some constant A^^^ and Re(/x) > > 0, 

/■oo (jl^y^ ^ 

J^,^{x; h) = iiA^,^ / h{xu^)u^— + 0(a;-2-^). (3.14) 
Jo u 

Theorem 4. Let (0,^') e C'l(M) x Cl{N) he a Rankin- Selherg pair with M,N >2. 
Then 

rco /■oo (j^n 

. / h{xu)du — y2 h{xu)u'^ — 

Jo r, /.Wn-^0 U 



)uP- 



poo /■oo 

/ h{xu)(i{u)du — ^ / h{xu)ip{u)i 
° l;(p)=o-^° 

+ jS(^;/i) + 4?0(^;/i) + O(x-^^) 

/■oo ^ /■oo 

: / h{xu)(f){u)ip{u)du — y2 h{xu)4>{u)ip{u)u'' — 
Jo C(P)=0'^° ^ 

+ 45(a;; /i) + J^(a;; /i) + 4^,(0;; h) + 0(a;-^^) 



(3.15) 



as X — > +0 for any fixed £ > 0. Additionally, we suppose that \(f){u)%l){u)\ < Cu^ for 
some C > 0. Then 



roo roo f^y^ 

/ h(xu)du — / h(xu)u^ — 

roo roo 

— rritf) J h{xu)jjL{u)du — ^ J h{xu)'^{u)u- 



u 



(1) (x- h) + /(^^ 

°o , , , ^ r°° , , . , , du 

u 



+ 4jp{x;h) + jfJ^{x;h) + 0{x-s 



(3.16) 



(3.18) 



roo 

h{xu)(j){u)il){u)du — ^2 / h{xu)(f){u)il){u) 

C*(p)=o 

+ Jfll^ix; h) + J^(x; h) + Jflix- h) + 0{x--s-^) 

as x — >• +0 /or an?/ /ia;ec? £ > 0. T/ie functions jjpjjj{x] h) are estimated as 

45(x;/i)«x-^^ (1<A;<5) (3.17) 
as x — >• +0 for any fixed £ > 0. Moreover the asymptotic formulas 

^ (3.19) 

^45(^;M = ^4^(^;^) = /^3^3 fh{xu')u>^^^ + 0(x-*-) (3.20) 
/io/c?, i/ the corresponding estimate 

^ A^«^(p)c^,2(p) = AT'^i + 0(r^i+^), (3.21) 

E Av,^^(p)c^,2(p) = A2T^^ + 0(T^^+^), (3.22) 

E <^t>ApMp) logp = AaT'^^ + 0(r^^+^), (3.23) 

/loW respectively. 



4. Examples 

In this section we give simple examples of Theorem 1 ~ Theorem 4. 
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4.1. Dirichlet L-functions. Let x mod q he & primitive Dirichlet character. Then 
the function 0^ defined in (1.9) belongs to Cl{1), since 0^ is bounded on and 
L^^{s) = L{s,x)- Further 

r h(xu)4>Ju)du = , yX{o)f^ h'{v)e^^'^dv = 0(1). 

Hence we re-obtain (1.8) from Theorem 1. 

4.2. Automorphic L-functions attached to cusp forms in Sk{N). Let I) = {z E 
C;Im(2;) > 0} be the upper half plane and let ro(A^) be the Hecke subgroup of level 

of the full modular group. Let Sk{N) be the vector space of all holomorhic function 
/on 1) such that f{{az + b)/{cz + d)) = {cz + dff{z) for any (^^j e Tq{N), and 
/(ioo) = 0. It is well known that any / e Sk{N) has the Fourier expansion 

oo 

fiz) = j:af{n)e'^'^\ (4.1) 

n=l 

By using the Fourier coefficients {af{n)}, the automorpchic L-function L[s,f) associ- 
ated with / is defined as 

oo 

L{s,f)^j:afin)n-^-'^. (4.2) 

n=l 

This series is absolutely convergent on the right-half plane Re(s) > 1 because of the 
estimate J2n<T k/(^)P y^^+i obtained by the Rankin- Selberg method or the more 
precise estimate |a/(n)| -C^ due to Deligne. The automorphic L-function L(s, /) 
can be extended to an entire function in s and the function 

. , , 2s-|-fc — 1 , ^ „ fc — 1 , rv J- , , 

L*{s, /) = iV^(27r)-^-— r(s + -^)L{s, /) 

satisfies the functional equation 

L*(s,f)^±(-l)'/'L*{l-s,f) 

where the sign ± is determined by the action of Fricke involution. Moreover, if / G 
Sk{N) is a normalized Hecke-eigen newform (cf. [1, chap. 1.4]), L(s, /) has the Euler 
product 

L{s, /) = n(i - ^Ap)p-'^p-T' n(i - af(p)p-'^p-^+p-'T'- 

p\N p]/N (4.3) 

Define the function f : R+ — > C by 

(f)f{u) = u-^ f{X + ^M-i)e-2'^^"(^+^""')(/X. (4.4) 
From the definiton of (f)f, (f)f{n) coincides with the (shifted) n-th Fourier coefficient 

k — 1 

af{n)n ~, and satisfies the estimate |0/(m)| < C^/u for some C > 0, because 
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Y^/'^\f{X + iY)\ is bounded. Also we can easily find that C2(p) = — 1 and 5"^^, = 
{p; p\N} for (t)f{u). Therefore belongs to Cl(2) and we find that 

h{xu)(f)f{u)du = 0{x^-^) (4.5) 

for any fixed positive integer by using integration by parts suitable times. Further- 
more, if we assume that ({s) has no zero in Re(s) > a, then 

J2 c2(p)iogp= ^ iogp = r + o(r'^+^). (4.6) 

P<T,p^Sj, p<T,: 



Hence wc obtain the following result as a consequence of Theorem 2. 

Theorem 5. Let f G Sk{N) be a normalized Hecke-eigen cuspform. Assume that ({s) 
has no zeros in Re(s) > a. Then 

J2 rh{xu)uP— 

= V / h{xu)(t>Au)uP—-C{h)x-^+Oix-^^-')+Oix"-') (4.7) 

C.(p)=o^o 

as X ^ +0 for any fixed e > for any h G , where C{h) = h{l/2). The sum 
on the right hand side runs over all zeros of (*{s) counting with multiplicity. And the 
sum on the left hand side runs over all zeros of L*{s, f) counting with multiplicity. 

4.3. Rankin- Selberg L-functions. Let f,g& Sk{l) be normalized Hecke-eigen cusp 
forms with Fourier expansions 

oo oo 

f{z) = Y: a/(n)e^--, g{z) = ^ a,{n)e'^^^^. (4.8) 

n=l n=l 

Define ap, f3p, 7^ and 6p by using the Euler product of L{s, /), L{s,g); 

L{s, f) = n(i - af{p)p-'-^p-^+p-'T' = n[(i - - ^p-')]-\ 

p p 

L{s,g) = n(i - a,{p)p-'^p-^+p-'r' = n[(i - ipp'ii^ - ^pp-')]~'- 

p p 
The Rankin-Selberg L-function L(s, f <Si g) is defined by 

L{s, f^g)= n[(l - ap7pP"')(l - - Pp%P~"){^ - PpSpP")]'^- 

p 

Then L{s J (^g) = C(2s) E^= ^ af{n)ag{n)n +^ Moreover the completed L-function 
L*(s, f ® g) = (47r)^*'^''+^r(s + k — l)r(s)L(s, f ® g) satisfies the functional equation 
L*(s, f ® g) = L*{1 — s, f ® g) (cf. [1, chap. 1.6]). Further it is known that s = 1 is a 
simple pole if f = g and is a regular point otherwise. Let 

<Pm{u) := (j)f{u)(j)g{u) (4.9) 
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where 0/, (j)g are defined in (4.4). Then \(l)f^g{u)\ < Cu for some C > 0. If C,{s), 
L{s, f <S> f) and L{s, g ® g) have no zeros in Re(s) > cr, we obtain 

E A0/®0/(p)c0«,2(p) = - E = -r + o(r-+^), 

E A0«0<^.(P)C^.2(P) - - E = + Olr'^+I, (4 10) 

E c^/,2(p)c^„2(p) logp = E logP = T + 0(T'^+^). 

Together with the above things, we obtain the following theorem as a consequence of 
Theorem 4. 

Theorem 6. Let fig & S^iX) he normalized Hecke-eigen cusp forms. Assume that 
C{s), L{s, f <^ f) and L{s, g ® g) have no zeros in Re(s) > a. Then for any h e , 
the following formula holds: 

,du 



Sf=g / h{xu)du — E / h{xu)u'^ — 

= - E / h{xu)<Pg{u)u'' C{h)x-^ +0{x-^-') + 0{x—3-') 

= - E / h{xu)4)f{u)<Pg{u)uP C{h)x—^+0{x-^-') + 0{x"-^-') 



C(p)=o' 

as X ^ +0 for any positive e, where C{h) = h{l/2), Sf=g = 1 if f = g and is zero 
otherwise. 

5. Weil's Explicit Formula 

In this section we state a version of Weil's explicit formula. It is one of the main 
tools for our proof of the results in this paper. Define the involution /i i— > /i* on by 

/,.(«, = (6.1) 

and the Mellin transform of h by 

h(s) = / h{u)u'—. (5.2) 
Jo u 

Because h has a compact support, the above integral is absolutely convergent for any 
s e C. Further the Mellin inversion formula 

h{u) = — / h{s)u-'ds (5.3) 
27ri J (a) 

is valid, where the path of integration is the vertical line Re(s) = a. 
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Proposition 1. [ Weil's Explicit Formula ] Let L{s) e S. Then, for any h e C^, 

L*(p)=0 



= J2{Mn)h{n) + AL{n)h*{n)} + (21ogg + rfC^) h{l) + ^ Wx^.^^{h), (5.4) 

n=l j=l 

where d — 2 Aj and Ce is the Euler constant. The functional W^^^ is given by 

^(i-KK/0)/A ^„ 



poo r- 



u^l^ — 1 u 



(5.5) 

hx,M = h{u)u-''^^^^/\ (5.6) 

T/ie sum Z]l*(p)=o 'f'uns over all zeros of L*{s) counting with multiplicity. Sums and 
integrals contained in the both sides of (5.4) are absolutely convergent, because the 
Mellin transform h decays very fast by the assumption on h. 

Proposition 1 is proved by a way similar to the proof of Weil's explicit formula 
in [8]. There is no essential difference or difficulty in our case because of conditions 
(SI) ~ (S5) for L{s). Hence we omit the proof of Proposition 1. 

6. Proof of Theorem 1 and Theorem 2 

6.1. Lemmas. In this part we prepare several lemmas which are necessary for our 
proof of Theorem 1 and Theorem2. For L{s) G 5, /i G and a; > 0, we define the 
sum Sl{x) by 

oo 

Sl{x) := Sl{x; h) := ^ Ai(n)/i(xn). (6.1) 

n=l 

Lemma 1. Let L{s) — Z^^i c{n)n~^ G S. Then, for any £ > 0, 

^ c(p")logp«,^H^ (6.2) 



p l<m 

„m<T 



and 



y: e Mpn «. T'+T+^, (6.3) 



p l<m 
p"<-<T 



where 6 is the constant in axiom (S5) of the Selberg class. 
Proof. We have 

E E c(p")iogp< E E p""'^ogp 

< T^logT E E 1 < T^T^^h^ogTf tH^'. 

— — logp 



(6.4) 
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This is assertion (6.2). Recall that Ai(n) = 6(n) logn and \b{ri)\ <^ n^. Then we have 



P tl^^ p'<r Km< IsaZ 

p"'-<T — — logp 



«E E p"'iogp"<r^iogTE E 1 

P'<r Km< l2SZ p'<Ti<^<loEi: 
— — log p — — log p 



(6.5) 



7+£ 



This is our assertion (6.3). □ 
Lemma 2. Let L[s) G 5. Then 

SM^rriL- hixu)du- Y / hixu^u"— + Oil). (6.6) 
Proof. Applying Proposition 1 to L(s) and u i-^ h{xu) we have 



SAx) — rriL / hixujdu— E h(xu)u^ hmL / hixu)- 

JO r*T^ nJ U Jo 



oo 

E Al{njn~^h{xn~^) 



n=l 



(6.7) 



(2\ogQ + dCE) h{x) - E^A,-M,(^* ^ ^M)- 

3=1 



The third term on the right hand side is bounded, because it is equal to h{0). The 
fourth term and the fifth term on the right hand side is zero for sufficiently small a; > 
because the support of h is compact. Furthermore the sixth term on the right hand 
side is absorbed into the error term. In fact 



du tL f°° , , ^ dv 



M/a,|u(w ^ h[xu)) = / h[xu)— ^ x^ h{v)— j 

— 1 U — 

for sufficiently small x > and the right hand side is bounded as x ^ +0 since 
Re{n) > and A > 0. □ 

Lemma 3. Let L(s) e S. Then 

Sl{x) = E E MP^hixpn + 0{x-'-T-') (6.8) 

P m=l 

for any e > 0. 

Proof. It suffices to show that 

oo 

E E ^Lip^K^P^ = 0{x-'-T-'). (6.9) 



P m=l 
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By using partial summation (cf. [12, page 2]) we obtain 

y: e mp^hxp^ = - / xuh'ixu) E E mp"" 

P m=l \ P l<m 



du 
u 



Prom Lemma 1 the right hand side is estimated as 



oi^j^ xu\h'{xu)\u'''"-^''^^ =0\ 



X 



This imphes (6.9). □ 

Here we describe the relation between the Dirichlet coefficients of L^{s) and those 
of its logarithmic derivative {L'^/ L(i)){s). Define the numbers Tmip) by 



x—\ogP,{x)-^=Y.TMx^. 

m=l 



(6.10) 



By simple series calculations, we find that 



0(p-) 



m-2\ 



and 



Ci(p)0(p™ ^) + C2{p)(p{p 
Ci(p)0(p™"^) + C2(p)^(p""^) 

f0(p™)+C2(p)0(p"-') 



+ 



if m < n„ 



■ ■ ■ + Cn,{p)(t){f'' if m > Up ^g -^^^ 



rm{p) = < 



+ 



ii m < Up 



+ (j - l)c,(p)(/.(p™-^) + • • • + (m - l)c„(p) 

0(p"^) + C2(p)0(p"^-^) + --- (6.12) 
( l)cjip)<f>ip^-^) + ... + {np- l)c„,(p)0(p"^-"^) if m > rip 

where Up = degPp(X) and the numbers Cj{p) are the coefficients of the polynomial 
Pp{X) defined in (2.7), (2.8). Note that </)(j9°) = 0(1) = 1 which can be seen from the 
form of the Euler product attached to L^{s). Then the Dirichlet coefficient A<^(n) of 
{LUL^){s) is given by 



A<^(n) = 



rm{p) logp ii n — p^ with m > 1, 
otherwise. 



Additionally, it is useful for us to note the relation 

q(p) = (-1)'^^ E a^(p,ii)---a^{p,ii) 



(6.13) 



(6.14) 



l<il<---<il<M 



where a^{p,i) are the roots of the polynomial P^^p{X) associated with e Cl{M). 
Lemma 4. Let 4> G Cl{N). Then 

K^{n) n'. (6.15) 
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Proof. Prom (6.11) we have 



c.-(p) = E E (6.16) 



1=1 l<ii, ■,»(<J 
ilH Hi; =3 



Because \(t>{n)\ < C^rf for any positive integer n, 



|c,(p)|<P^'^E E Ci^:jP^C,, 
say. Therefore, by (6.12), we obtain 



i=l 1<»1,- - ,H<3 
ilH l-i!=j 



K(p)|<p"^^(i + EO'-i)^i)- 

Hence 

|A^(p™)| = |r^(p)|logp < Cp^^nogp^ < C'p^^' 



□ 



From Lemma 4, we can take 9 — e for any fixed £ > in (S5) for iv<^(s) with (f) e C^. 
Now we define S{x) by 

5(0;) := S^{x; /i) := E E A0(p'")/i(^p"^)- (6-17) 

p m=l 

Lemma 5. Le^ 4> G Cl{N). Then 

S{x) = ElogP E 0(P'")/^(^P'") + E C(p)/i(V)logp+ E C(p)/i( V) logp 

P m=l p^S^ peS^ 



say, where 



ifnp = l. 



Proof. This is a direct consequence of (6.11) and (6.12). □ 
Lemma 6. Let e Cl{N) and let Si{x) be as above. Then 

Si{x) = h{xu)4>{u)du - E / h{xu)4>{u)uP \- 0{x~3-^) 

C(P)=0"^° ^ (6.20) 

for any s > 0. 
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Proof. First we show that 

oo 

S^[x) = ^ A{n)(p{n)h{xn) + 0{x-^-') (6.21) 

n=l 

for any £ > 0. By a way similar to the proof of Lemma 3, we obtain 

oc 

E E <l>ip"')h{xp"') = 0{x--3-') (6.22) 

P m=3 

by using Lemma 1 and partial summation. This leads to (6.21) because 

oo oo 

Si{x) = ^ A(n)0(n)/i(a;n) 4>{f^)Kxp"') ■ 

n=l p m=3 

Applying Proposition 1 to C,{s) and u i— > h{xu)4>{u) we have 

oo 

y^A(n)/t(xn)0(n) 

n=l 

= / h{xu)(l)iu)du — [ h(xu)(l)(u)u''— + [ h(xu)(p(u) — 

Jo ^Jr-f „ y u Jo u 



C*{p)=o- 

oo 

- A{n)n~^h{xn~^)(f){n~^) 

n=l 

- (logTT + Ce) h{x)(f){l) - Wy2,o{u ^ h{xu)(f){u)). 

As for the third term and the sixth term on the right hand side, we have 

1"°°, , . , , .du 



I h(xu)(j)(u) — — Wi/2o{iJ' ^ h(xu)(j)(u)) 
Jo u 

— [ h{v)(f)iv / x)— — ( h{v)(j){v/x" 

Jo V Jx 



^2 _ ^2 y 



x / h[v)(t)[v x)— / h{v)(t){v x)— -■ 

Jo — X^ V Jo — X^ V 



(6.23) 



(6.24) 



for sufficiently small a; > 0. Because \(p{u)\ < Cu^, the right hand side of (6.24) is 
bounded as x — > 0. The fourth term and the fifth term on the right hand side are zero 
for sufficiently small x > because the support of h is compact. Hence we obtain 



y^^A{n)h{xn)(f){n) 

,du 



(6.25) 



/■oo r f-j^f^ 

= / h{xu)(j){u)du - h{xu)(j){u)u'' hO(l). 

Lemma 6 follows from (6.21) and (6.25). □ 
Lemma 7. Let (f) e Cl{N) with N >2 and let S2{x) be as above. Then 

S2{x) = 0{x-^-') (6.26) 
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for sufficiently small x > 0. Further we obtain 

~ fill „ 

S^ix) = fiA^ / h(xu^)u^— + 0(x-^-') (6.27) 
Jo u 

for any e > when 

J2 C2{p)logp = A^T^ + 0{T''-'') (6.28) 
holds for some constant and Re(//) > i/ > 0. 

Proof. Suppose that the support of h{u) e Cq° is contained in [a, 6]. Then, from 
■0(p"^) ^ p"^^, we have 

^ /i(a;p^)c2(p) logp -C p^^ <^x'^~\ (6.29) 

This is the first assertion. By using partial summation we have 

S2{x) ^ - n 2xuh'{xu'^) I C2{p) log p\ du. (6.30) 

° \p<u,P^S^ J 

Applying the assumption of the Lemma we find that the right hand side of (6.30) is 
equal to 



roo 

- 2xuh'{xu'^){A^u^' + 0{u''+'))du 

= ^JiAs r h(xu'')u^— + 0( r 2xe\h'(xu^)\u''+'—) 
Jo u Jo u 

= liA^ I h{xu^)u^— + 0{x~^). 

J Uj 



□ 



Lemma 8. Let (f) e Cl{N) with n>2 and let S^{x) he as above. Then 

S^{x)=0{l). (6.31) 

Proof. By using partial summation we have 

~ I \ du 

SJx) = - 2xu'^h'{xu'^) \ V C2(p)logp — . (6.32) 

\p<u,pes, J ^ 

Prom the proof of Lemma 4, we have C2{p) -C p^^. Hence 

Y C2{p) logp < Y P"" logp = 0(1). (6.33) 

p<u,pGS^ p€S^ 

From (6.32) and (6.33) we have ^3(2;) = 0(1). □ 
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6.2. Proof of Theorem 1. Let e Cl(1). Prom the definition of Ci,(l), L^{s) 
belongs to S with 9 — e. Hence we obtain 

S(x) ^ms- h(xu)du - y / h(xu)uf— + 0(1) (6.34) 
by Lemma 2. Here we note that A^{ri) — A(n)0(n) for e C'l(I)- Therefore 

oo 

S{x) = A{n)h{xn)(p{n). (6.35) 

n=l 

By applying Proposition 1 to C(s) and it i— > h{xu)(l){u), we obtain 

S{x)= h{xu)(t){u)du - V / /i(a;M)0(M)M''— + 0(1), (6.36) 

in a way similar to the proof of Lemma 2. Theorem 1 follows from (6.34) and (6.36). 
□ 

6.3. Proof of Theorem 2. Let e Cl{N) with > 2. Prom the definition of Cl{N) 
and Lemma 4, iv<^(s) belongs to 5 with 9 — e. Hence we obtain 

/■oo /■oo (-/^/ 

5(a;) =ms- h{xu)du - V / h{xu)uf— + 0(1) (6.37) 

by Lemma 2. On the other hand we have 

S{x) = S{x) + 0{x-^i-') (6.38) 
by Lemma 3. Together with Lemmas 5, 6, 7 and 8 we obtain 

roo POO J^ii ^ 

S{x) ^ h{xu)4>{u)du - Yl / h{xu)4>{u)u'' h J<^(a;, /i) + 0(x"3-^) 

C(P)=0'^° ^ (6.39) 

where J^{x,h) = S2{x). Theorem 2 follows from (6.37), (6.39) and Lemma 7. □ 

7. Proof of Theorem 3 and Theorem 4. 

Theorem 3 and Theorem 4 are proved by an argument quite similar to the proof of 
Theorem 1 and Theorem 2, so we only describe the outline of the proof. 

Define the numbers Aij,^^{n) by 
Then wc have 

[Eiii 0™) (Ef=i Jr) logP if n = p'" with p^S,m>l 



if n is not a power of a prime, C''"^) 
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and the following Lemma 9 is proved similarly to Lemma 1. 

Lemma 9. Let G Cl(M) x Cl{N) he a Rankin- Selberg pair. Then 



E E A^«^(p'") TT+^ (7.3) 

for I > 1, and 



pm<T 



EE Wp"^) = 0(1). (7.4) 

peSm=l 

Proof. First we note the relation 

for p ^ and the estimate b^{n) <^e for (j) E Cl which follows by Lemma 4. Prom 
these we have 

A^^pn = (E«<^b'0™) ^E«^(p,jrj iogp«.p"^^ (7.5) 

for p ^ S, {(p^ip) e Cl{M) X Cl{N). Hence (7.3) is obtained by the same arguments 
as in the proof of Lemma 4. Because L<^ig,^(s) e 

H^i^ipn = b^^4Pn logp"^ « p"^' logp"^ « p^^'+'\ (7.6) 
where h^^^{n) are given by log L0®^(s) = Yjn=i b<t>®ip{n)n~\ Therefore 

E E A^^^b"^) « E E p"^^'^'^ - E T^;;^ = (7-7) 

peSm=i pe5m=i pes 

□ 

For any fixed h e and x > we consider the sum 

oo 

S{x) := S^^^{x]h) := ^ K^(^^{n)h{xn) . (7.8) 

n=l 

Theorem 3 or Theorem 4 is proved by computing the sum S{x) in two ways. Applying 
Proposition 1 to L^^^{s) and u i— > h{xu), we have 

poo roo (J^n 

S(x) = m<i(g,w, / h(xu)du — E / hixuju'^ h 0(1) (7.9) 

for sufficiently small x > 0. By using Lemma 9 and partial summation, we obtain 

s{x) = E E ^^^P^K^pn + o(x4-). (7.10) 

m=l 
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Take 

S{x) := E E ^4>^4pnh{xpn, (7.11) 

p^S m=l 

and divide the sum S{x) into two parts as 

Six) = E E A^(p")/^(xp™)^(p™)logp+ EA0(/)/^(a:/)c^,2(p) 

p^S m=l p^S 

say. For Si{x) we obtain 

oo 

S^{x) ^J2Mn)Kxn)ip{n) + 0{x-'s-') 

n=l 

by Lemma 9. Applying Proposition 1 to ^^^(s) and m i-^ h{xu)ip{u), we obtain 

^ /"OO ^ roo 

Si{x) = / h{xu)il){u)du — E / h{xu)ip{u)u'' [-©(x^s"^). 

•^0 l;(p)=o-^o ^ (7.13) 

For 52(2;) we find that 

S2{x) = 0(x-^-^) (7.14) 

for sufficiently small x > 0. In fact, when the support of h{u) e is contained in 
the interval [a, 6], 

E A^(/)/i( V)c^,2(p) « E « (7-15) 



by Lemma 4 and ip{p'^) <C p"*^. This implies (7.14). 
Here we note that 



M 



/ M \ 2 

E«<^(^''^) ~2 E «0(p>O«0(p>i) 

\i=l / l<i<7<M 



l<i<j<M 

J^mAp) + 2c</,,2(p) log p. 



logp 



(7.16) 



By using (7.16) we divide 5*2 (x) into two parts as 

-^2(2;) = E ^<^®</>(p)^(V)cV,2(p) + 2 E KXP'^)C<I,,2(P)C^P,2(P) logp 
P^S p^S 

^■.S^{x) + 2S^{x), 
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say. By partial summation ^3(0;) is expressed as 



Ss{x) r ( E ^0^^b)c^,2(p) I {hixu')ydu. (7.17) 

\p<u J 

If (3.21) holds, we have 

S3(x)^l^iAi h(xu')u'''— + 0(x-^-') (7.18) 
Jo u 

by substituting (3.21) into (7.17). Also, by using the integral expression 

^4(0;) = - r I E C4.,2{pMp) logP I {Hxu^)ydu (7.19) 

we obtain 

S^{x) = //3^3 / h{xu'')u^''— + 0(x-^-"), (7.20) 
Jo u 

if estimate (3.23) holds. Combining (7.9), (7.13), (7.18) and (7.20) we obtain the first 
half of Theorem 4. Also we obtain the first half of Theorem 3 by the same equations, 
if we replace c^,2{p) by 0. 

To prove the latter half of Theorem 4, we divide S4{x) into four parts as 



Six) = E E h{xp"^)<f>ip^),l;ip"^) logp + E h{xp')<P{p')c^M logp 

P m=l P 

+ E Kxp^)'4j{p^)c4>,2{p) logp + E h{xp^)c^Mci>,2{p) logp 
p p 

2 

= E E h{xp"')cP{p"')i;{p"') logp + E h{xp^)(p{p)%,2{p) logp 

p m=l P 

+ E h{xp'^)'^{pfc<p,2{p) logp + 3 E h{xp'^)c<p,2{p)ci>,2{p) logP 

P V 

2 

^T.Y1 h{xp"')(P{p"'ytP{p"') logp + E h{xp^)A^^^{p)c^M 



(7.21) 



p m=l p 

+ E ^( V)Av®V'(p)c0,2(p) + 3 E h{xp'^)c4>Mci,,2(p) logp 
= : 5'5(a;) + 5*6(2;) + Srlx) + 58(2;), 
say. By a way similar to the proof of (7.14) we obtain 

Si{x)=0{x--^-') (/ = 6,7,8) (7.22) 
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for sufficiently small x > 0. Further we find that 

Seix) = niAi / h(xu^)u^'— + 0{x-^-'), 
Jo u 

~ flu vn 

S-jix) = fi2A2 / h(xu^)u^'— + Oix-^-') (7.23) 
Jo u 

Ssix) = Si^sAs / h(xu^)u^'— + 0(x-^-') 
Jo u 

hold, if the estimates (3.21), (3.22) and (3.23) hold respectively. We omit the process 
of calculations for ^6(2^)) ^^{x) and Sq{x), because thay are calculated in almost the 
same way as that for S2{x) or S4{x). For S5{x) we have 

00 

S^(x) = J2 Hn)(j){n)^{n)h{xn) + 0{x-^-'). (7.24) 

n=l 

By applying Proposition 1 to C{s) and u 1— >• h{xn)(j){n)ip{n) we have 
00 

y^^A{n)(l){n)ip{n)h{xn) 

n=l 

/■oo ^ rco (jo, 

= / h{xu)(t){u)'ilj{u)du - V / h{xu)(t){u)^P{u)uP— + 0{l) (7.25) 

Jo c*(p)=o^° ^ 

for sufficiently small a; > 0. Combining (7.9), (7.23) and (7.25) we obtain the latter 
half of Theorem 4. Also we obtain the latter half of Theorem 3 by the same equations, 
if we replace c^,2(p) by 0. □ 

8. Additional Topics 

8.1. Explicit equations. Our theorems in §3 are asymptotic results. We can also ob- 
tain a result which is an explicit version of our theorems in §3, if we use an interpolation 
function of 

^ \i:Zi Oi<l>{P, ir iin^p"' with m > 1, 

1 otherwise. 

However there is a possibility that such interpolation functions are not so useful for 
applications. At least it seems that a well-chosen interpolation function of Dirichlet 

coefficients is more useful than an interpolation function of (8.1) for some specific 
purposes. This is one reason why we adopt asymptotic formulas as main results. 

Anyway we will establish our explicit identities. The key of the following results are 
the equations 



(8.2) 
(8.3) 
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Theorem 7. Let e Cl{M) and let ^^{u) he an interpolation function of uj^{n), that 
is, Vl^in) — uj^{n) for any non-negative integer n. Then we have the following explicit 
identitiy 

m^h{0)- ^ h{p)+m^h{l) 
l*Ap)=o 



r, 



4> 



n=l j=l 

= hn{0)- hn{p) + hn{l) (8.4) 

C*(p)=o 

oo 

-J2Ain)n-'hn{n-') - (log7r+ Ce) hn{l) - Wi^^,{hn), 

n=l ^ 

where hQ,{u) :— h{u)VL^{u) and W\^^{-) is the functional defined in (5.5). 

Theorem 8. Let {(pjip) G Cl{M) x Cl{N) be a Rankin- Selberg pair. Then we have 
the following explicit identities 

m^^^ h{0) - ^ h{p) + m^^^ h{l) 

oo ^(piSip 
n=l j=l 

oo 

-YMn)n-'hn^{n-') - (2 logQ,^ + C^) /io,(l) - E ^a, W,M,w(/iaJ, ^^"^^ 

n=l j=l 

C(p)=o 

oo 
n=l 

u;/iere /if2^(ii) := /i(w)Q^(w) and ha^n^u) := /i(w)Q0(w)Q^(ii). 

Theorem 7 is obtained by calculating the sum J2'^^=i ^<t>{n)h{n) in two ways. Theorem 
8 is obtained by calculating the sum ^4,(g,^{n)h{n) in three ways. These processes 
are very similar to the proofs of Theorem 1 ~ Theorem 4, therefore we omit the details 
of their proofs. We deal with one way to construct il,{u) in the next section. 

8.2. One way of the construction of an interpolation function. In this part 

we give a way to construct an interpolation function by using Fourier series. Let 
a : N ^ C be a function on natural numbers. When a(-) has polynomial order, we 
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define the function /„ by 

oo 

/„(^):=^a(n)e2™^ (8.6) 

n=l 

Since a(-) has polynomial order, fa{z) converges absolutely on the upper half-plane 
Im(2;) > 0. By using /„, we define A(u) by 

A{u) A{u; y, rj) - e^™^ f "^' Ux + zt/je-^^^dx, (8.7) 

for some fixed y > and e R, or 

A{u) := A{u- 7]) := e^'^ T^' /a(x + m-^)e-2"^"^(ix, (8.8) 

for some fixed e R. Prom the definition, A{u) satisfies A{ri) — a{ri). 

For G CL{n), we can construct the interpolation function $(«) of 0(n), since 
0(n) -Ce n^. Of course $ ^ as a function on (0, oo) in general. Similarly we can 
construct the interpolation function fl(j){u) of a;0(n), since a;(n) -Cg n^'^'^ for any fixed 
£ > from Lemma 4. 



8.3. Symmetries of zero-sums. In §8.2, we gave one way to construct an interpola- 
tion function. However, there is no reason that the interpolation in §8.2 is a canonical 
one. Actually, there are infinity many possibilities of interpolation functions, when we 
restrict them to the class of smooth functions. However the non-existence of canonical 
interpolation is not unfortunate. The existence of several different interpolation func- 
tions gives a symmetry of zero-sums. Let '^xi') two different interpolation 
functions of a primitive Dirichlet character x mod Q, let 0/(-), ^/'/(•) be two different 
interpolation functions of Fourier coefficients of / e Sk{l) and let 0g(-), V'g(') be two 
different interpolation functions of Fourier coefficients of (7 G Sk{l)- They give several 
■'symmetries" of the sums J2(;*{p)=o^ Sl*(p,-)=o etc. For example, for a suitable test 



function h G C^, we have 



I h{xu)(f)^{u)u^— ~ X! / h{xu)ip^{u)u^—, 
*(p)=o-^° ^ C*(p)=o ° ^ 

[ h(xu)4>f(u)u^— ~ / hixu)ip fiu)u''— , 



C*(p)=o"'" C*(p)=o' 



and 



^ j h{xu)(pf{u)(pg{u)u''— ~ X! / h{xu)(pf{u)il)g{u)uf— 
*{p)=o ^ C*(p)=o ° ^ 

J2 I h{xu)^f{u)(f)g{u)u''— ^ J2 [ h{xu)^f{u)^g{u)u''—, 
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for sufficiently small x > 0. Furthermore we find that 

/ h{xu)u'^— ~ E / h{xu)(j)g{u)u'^ — 
C*(2p)=0 ° c*(p)=o ° 

where (pg is an interpolation function of the coefficients of 6{z) = J2'i^=i e*"^^, and 



[ h{xu)(f)g{u)u''— ~ E / h{xu)ijjg{u)u^— 

/ h{xu)(t) f{u)u'^— ~ X/ / h{xu)tl! f{u)u''— . 



L*(p,g)=0"'" L*(p,g)=0' 

These are consequences of Theorem 1 ~ Theorem 4. 

8.4. An interpretation in terms of distributions. In this part we give an inter- 
pretation of our results in a local- global view point. Throughout this part, we denote 
by Z{F) the set of all zeros of F . 

Let G Cl{N) and let L^,p(s)^^ be the reciprocal p-th Euler factor of L^{s). Denote 
by (p{s)~^ the reciprocal p-th Euler factor of C{s). As explained in §1, in the local 
point of view, the relation between Z{L'^^p) and 2{(~^) is very simple. For p ^ S^, the 
reciprocal p-th Euler factor L<^p(s)~^ is expressed as 

N 

w«)"' = n(i-«<^(P'Op"') (8.9) 

i=l 

Hence, if we assume the general Ramanujan conjecture, ^^(p, i) can be written as 

= e'^^(^''') (8.10) 

for some 6^{p,i) G M. This shows that Z{L'^^^ is the union of n-piece translation of 
Z(^~^). Therefore we find that 

E Mp) = E E hip + V^l^-^] (8.11) 



for any h G . Similarly we obtain 



logp 



i,^,oo(p)-l=0 J = lCoo{p)=0 



where L^^oo{s)~^ is the reciprocal F-factor of L^{s). 

Next we show a relation between the global zeros and the local zeros. From Propo- 
sition 1, we obtain 

m<t>m- E h{p)+m^h{l) = Y,W^{h,p) + W^{h,oo), (8.13) 

L*Jp)=0 P 
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where 



.14) 



m=l 



and Wci,{h, oo) is given by VFa,^(-)- Moreover, Poisson's summation formula yields 



E 



(hip) + h{i-p)). 



115) 



Together with (8.11), (8.12), (8.13) and (8.15) we obtain 
h{l) 



E Hp)+m 

L^(p)=0 

=E E 

P L^,p(p)-i=0 



N 



^EE E 
+ E E 



^ E 

i{p,i) 



Hp) 



hip) + h{i-p)\ + 

V logp J \ logp 

.7=U„nf/9)-l=0 V 



(8.16) 



This implies that there exists some relation between Z{L^) and Z{Q. 
Under the Riemann hypothesis for L^{s) and C{s), we can show that 



L1{P)=0 P 



E 

C*(p)=o 



u 



{X +oo). 



(8.17) 



if /q (f){u)du — o{y/X), by a way similar to the proof of Theorem 2. By acting the 
differential operator X-£^ on both side of (8.17), we obtain 



Ll{p)=0 C{P)=0 



(8.18) 



Unfortunately, two series in (8.18) do not converge for any X, hence (8.18) have no 
strict meaning as a function in X. However, if we define the distributions as 



/ 

Jo 



~r 



p ^ p 

for a test function h G C^, the relation (8.18) can be interpreted as a relation of two 
distributions. That is, at least in the level of distribution, the relation (8.18) shows 
that Z[L^) is the "translation" of Z{Q by 0(-). The local relations (8.11), (8.12) are 
extended to the global relation (8.18) via the interpolation function 0(-). We may 
say that the original RH for C,{s) imphes the RH of L^{s) in the level of distribution. 
This suggests that if the original RH is false, the RH for automorphic L- functions is 
also false. To show this rigorously, we need to establish the Sprindzuk type theorem as 
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in [13]. Althogh it is one of the most important applications of our results, we postpone 
such a study to a forthcoming work. 



[1 

[2: 
[3: 
[4; 
[5: 
[6; 

[10: 
[11 

[12: 

[13- 

[14 



References 

D.Bump, Automorphic Forms and Representations, Cambridge University Press, 1999. 
J.B.Conrey, A.Ghosh: On the Selberg class of Dirichlet series: small degree, Duke Math. J. 72 
(1993),673-693. 

H.Davenport, Multiplicative Number Theory, Graduate Texts in Mathematics, 74. Springer- 
Vcrlag, New York-Bcrhn, 1980. 

A.Fujii, Zeta zeros and Dirichlet L-functions I, II, Proc. Japan Acad. Ser. A Math. Sci. 64 (1988), 
no. 6, 215-218, no. 8, 296-299. 

A.Fujii, Som,e observations concerning the distribution of the zeros of the zeta funcitons III, Proc. 
Japan Acad. Ser. A Math. Sci. 68 (1992), no. 5, 105-110. 

N.Katz, P.Sarnak, Zeros of zeta functions and symmetry, Bull.Amer.Math.Soc.(N.S.)36 (1999), 
no. 1, 1 26. 

N.Kurokawa, On the meromorphy of Euler products. I, II, Proc. London Math. Soc. (3) 53 (1986), 
no.1,1-47, no.2, 209-236. 

S.Lang, Algebraic Number Theory, Addison- Wesley, Reading, MA 1970. 

Ju.V.Linnik, On the expression of the zeros of L- series by means of (^-function (Russian), Doklady 
Akad. Nauk SSSR (N. S.) 57, (1947). 435-437. 

G.B.Ricmann, Ueber die Anzahl der Primzahlen unter einer gcgebenen Grosse, Monat. der KonigL 
Peuss. Akad. der Wissen. zu Berhn ausder Jahre (1859), 671-680 

Z.Rudnick, P.Sarnak, Zeros of principal L-functions and random matrix theory, Duke Math. J. 

81 (1996),no.2, 269 322. 

W.Schwartz, J.Spilker, Arithmetical Functions, London Mathematical Society Lecture Notes ser. 
184, Cambridge University Press, 1994. 

V.G.Sprindzuk, Vertical distribution of the zeros of zeta- function and extended Riemann hypotesis 
(Russian), Acta Arith. 27 (1975), 317-332. 

M.Suzuki, A relation between the zeros of a L-function belonging to the Selberg class and the zeros 
of an associated L-function twisted by a Dirichlet character, to appear in Archiv der Mathematik. 



Graduate School of Mathematics, 
Nagoya University, 
Chikusa-ku, Nagoya 464-8602, 
Japan 

e-mail address : m99009t@math.nagoya-u.ac.jp 



